
T U R B U L E N T  W A K E  I N  A S T R A T I F I E D  M E D I U M  

A. T .  O n u f r i e v  

The p rob lem of de te rmin ing  the f o r m  of the turbulent  wake being fo rmed  behind a se l f -  
propel led  body in a medium with density vary ing  in the direct ion of the effect  of g rav i ty  
is cons idered .  The schemat ic  p ic ture  of wake development  behind a moving object  is the 
following: Init ial ly,  diffusion is identical  in all d i rec t ions ,  and the wake broadens  s y m -  
met r i ca l ly ;  diffusion becomes  s t rongly anisot ropic  with r eces s ion  f r o m  the object,  it 
d imin ishes  in the ve r t i ca l  d i rect ion under the effect  of gravi ty ,  and the wake becomes  
f lat tened;  turbulent  mixing within the wake r e su l t s  in the production of a m o r e  homo-  
geneous densi ty distr ibution within the volume occupied by the wake than in the s u r -  
rounding medium;  such a fluid volume turns  out to be r emoved  f r o m  the equi l ibr ium 
s ta te  and tends to re tu rn  to the equi l ibr ium s ta te  under the effect  of g rav i ty ;  col lapse  
of the wake occurs  accompanied  by its fu r the r  expansion in the hor izonta l  direct ion and 
the excitation of in ternal  waves.  

The p rob l e m  of the f i r s t  s tage of wake developemnt  (pr ior  to collapse) ,  i .e . ,  the p rob lem of turbulent  
diffusion in a s t ra t i f ied  medium,  is cons idered  here in .  The medium i tse l f  is at r e s t .  Equations obtained in 
[1], which pe rmi t  the descr ip t ion  of anisot ropic  diffusion, a re  the bas i s  for  the descr ip t ion of the diffusion 
p r o c e s s .  The s tandard s impl i f ica t ions  used in p rob l ems  involving the propagat ion of a turbulent  wake ( re -  
f lect ing the expe r imen ta l  obse rva t ion  that  the f ree  turbulent  zones a re  re la t ive ly  narrow) are  used. Mo- 
l ecu la r  diffusion is not taken into account.  It is  cons idered  that  densi ty pulsat ions  a re  smal l  and, hence,  
should be taken into account only in m e m b e r s  containing the acce le ra t ion  of g rav i ty  [2]. 

The z axis is d i rec ted  upward along the d i rec t  ion of the effect  of gravi ty ,  and the x axis in the motion di-  
rec t ion .  The p ic ture  of the flow in the coordinate  s y s t e m  connected with the body is s ta t ionary .  The f r ee  
s t r e a m  veloci ty  U 0 is a s sumed  to be cons iderably  g r e a t e r  than the veloci ty  component  in the wake. The 
sca les  along the a x e s / x ,  /y, lz and the c h a r a c t e r i s t i c  va lues  of the pulsating ve loc i t ies  a re  distinct.  The 
above-ment ioned  c i r c u m s t a n c e s  pe rm i t  introduction of s impl i f ica t ions  which a r e  uti l ized in der iving the 
boundary l aye r  equations.  Moreoverp the following s impl i f ica t ions  a re  introduced: a) t h i r d - o r d e r  mo-  
ments  cor responding  to diffusion p r o c e s s e s  a re  neglected in all the equat ions;  this is the c u s t o m a r y  a s -  
sumption in the wake p rob lem,  o therwise  it is n e c e s s a r y  to make  an assumpt ion on the re la t ion between the 
th i rd -o rde r  moment s  and the ave rage  s t r e a m  c h a r a c t e r i s t i c s ;  b) constancy of the sca le  of turbulence  L 
and the pulsat ing motion energy E in the wake c r o s s  section is a s sumed  so that  they vary  only as a functions 
of the longitudinal coordinate .  

The change in E ac ro s s  the wake can be cons idered  additionally. 

The  s y s t e m  of equations is 

Uo ~ = 

�9 r .  , 2 . ~  , , . o u  , UoO(uJuv ,>]  

<r + <u~'u~'> ~ , 
<ux'Uz' > = --  g p 

, ,~ OU 
~-,uz'~>-~.[z + l.ioO <Ux'Uz'>] 

Dolgoprudnyl.  T r a n s l a t e d  f r o m  ZhurnalPr ik ladnoiMekhaniki  i Tekhnicheskoi  Fiziki ,  No. 5, pp. 68- 
72, Sep t ember -Oc tobe r ,  1970. Original a r t i c le  submit ted  April  13, 1970. 

�9 1973 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

768 



~ , , =  T L ~ ' - - " ' ~  + a , , 

2 ,F , ,. dR , Off 

2 v , ,. dp O <p,uu,>] 

<p'u,'> = --  2 v[<u='~)@ ~ §  Uo~z <p'u:) ] 

<u~ '~> = T ---~ Uo (u~'~> 

E (p'ttz'> "t" 

3E OU , ,. OU1 E g @'uz'> 
Uo ~ § {<ux'u~'> ~ - -  W + < u~ u, > -g-?~ = P 

, , off . . . .  off 1 Uo ~ L E  EL @,Uz'> L 

= ALE'-v ,  

T h e  q u a n t i t i e s  { } a r e  a v e r a g e d  o v e r  t he  wake  c r o s s  s e c t i o n ;  A = 3.86, a s = 0.8 [1],  ~ a r e  e m p i r -  
i c a l  c o n s t a n t s .  

As i s  done  in the  c a s e  of  wake  d i f fus ion  in a h o m o g e n e o u s  m e d i u m  [3, 4], the  so lu t i on  i s  sought  in 
t he  f o r m  of  p o w e r - s e r i e s  d e p e n d e n c e s  on t h e  l ong i t ud ina l  c o o r d i n a t e .  

E s t i m a t e s  ( m e m b e r s  con t a in ing  the  d e r i v a t i v e s  with r e s p e c t  to x with the  f a c t o r  U 0 a r e  not  s m a l l  
q u a n t i t i e s  and,  s i n c e  ~- ~ x, t ak ing  t h e m  into  account  r e s u l t s  in s m a l l  c o r r e c t i o n s )  can  be  o b t a i n e d  on the  
b a s i s  of  the  s y s t e m  of  equa t ions  

~ z  dp <p'%'>~--V3v<uy%'> , <p'u, '>~--V3v<u;2> T 
,. , ~ dp dp ~ U  
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T h e  quan t i t y  /u  ' u  " y z ) ---- - 1/2v2 (Uy'Uz~> N2, i . e . ,  in the  a p p r o x i m a t i o n  under  c o n s i d e r a t i o n ,  i s  

* g  1 - -  %'~N = 
8 = "-6-' q~ (~N) = 0 + ~/8 ~N 2) (I + ~/8 ~N~) 

T h e  fo l lowing  equa t ions  a r e  o b t a i n e d  fo r  U, E, L 

au o F8 out + o 
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"c = A L E  -V" 

T h e  a p p r o x i m a t e  cond i t ion  [4] 

f U y ~ d y d z = c o n s ~ ,  ! U z ~ d y d z = c o n s t  

m u s t  be  added  to  t h e s e  equa t i ons ,  which  y i e l d s  in t he  a x i s y m m e t r i c  c a s e  

I Ur  dr ---- const 
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f o r  a wake with z e r o  m o m e n t u m ,  and 

I U d y d z  ---- const 

fo r  a wake with cons tan t  m o m e n t u m .  

Let  us in t roduce  the fol lowing dependences :  

V (0, O, x) ] V o ~  (x') "r E '  = E / Eo = (x') -~, L~ Lo ---- (x') "~, l J  ly ~ --= (x') ~ 

lz]l~~ (x') t, x~'=x~/d, l~'=lk/d 

where  E 0, L 0, /y~ etc.  a r e  the  c h a r a c t e r i s t i c  va lues  of the quant i t ies ,  and d is the body d i a m e t e r .  Then 

�9 ' = ~I'~o = ( x ' #  +'/' ~, ~: 'E'  = ( x ' #  - ' / '  ~ 

F r o m  a c o m p a r i s o n  between the  m e m b e r s  in the equat ions ,  we have 

~} = 2 - - 2 5 ,  a = t - - 5 ,  7 = 8  

At l a r g e  d i s t ances  the  wake behaves  as a plane,  and this  is b e c a u s e  the s ca l e  lz t  t ends  to a cons tan t  
va lue  b e c a u s e  of  the rap id  d e c r e a s e  in the  value  of  (Uz~2) as  x ~ g rows .  In o r d e r  to see  this ,  let  us in t eg ra te  
the  equation of  mot ion 

OU 0 F , OU1 0 [ , OU1 , ~oEo 
0 7  = ~ _ L  ~ ~J + ~ ~ ~ ~J, ~ = ~o, 'E ' ,  ~o = 

To find the solut ion of  this  equation fo r  given init ial  va lues  U(0, y ' ,  z~ we can ut i l ize  the F o u r i e r  
t r a n s f o r m  method  [5] 

I (, 
U o (x', k~, k,) = ~ U (x', y',  z ' )oxp [ - -~kyy ' - -  ik,z'] dy ' d z '  

The equat ion b e c o m e s  

and its solut ion will be 

d~__: = _ Ero s, (k." + kz~r 
d x  ~ 

where  

~,  x t 

0 0 

F u r t h e r m o r e ,  applying the method  e luc ida ted  in the pape r  ci ted,  we obtain the solut ion as 

'l', 
0 0 

The  v e r t i c a l  s ca l e  lz~ tends  to a cons tan t  va lue  which p a s s e s  th rough  the  m a x i m u m  (because  of  the 
shape  of the  funct ion ~o(xO). The  m a x i m u m  c o r r e s p o n d s  to the  value  of  the  coo rd ina t e  

and equals  

m* = "coNx* / d 

max l , '  = ~ (t + y .  ~)  (t + ~/, ~)1 
o 

F o r  a wake with cons tan t  m o m e n t u m  the ini t ial  ve loc i ty  d is t r ibu t ion  can be given in the f o r m  of  a 6 

function 

I U  (0, y", z " ) d y " d z " = U o D  
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and the veloci ty  dis tr ibut ion is 

~7 
" oZ 

.J 

I0 IYO 

Fig.  1 

y~ "~ 

U (x', y', z') = ~ V:  / _1 

For  l a rge  values  of the coordinate  x * we obtain 

U (x, 0, 0) ~ x -~:~. E ~ x -~, L ~ l~ ~ x':~ 

In the case  of a wake with ze ro  momentum,  an e s t ima te  can be 
obtained for  the value of the veloci ty  on the wake axis for  l a rge  values 
of xL Also assuming that  (/*z)2 >>1 

- - I  U y", U (z', O, O) _~ ~ ! (0, z") (z") ~ dv"dz" 

we obtain 

U (x, O, O ) ~ x - %  E ~ x - ' ,  L ~ l v . . . . x V ,  

In o r d e r  to obtain a r ep re sen ta t i on  of the p ic ture  of wake development ,  le t  us ut i l ize dependences ob- 
ta ined for  l a rge  values of x in the in tegrands  for  ly ~ and lzL Then 

4e0 % x,)~ zy'= [24~~ ( (4~o)V, (::.Co)-V~ (N~o ~')'I ' 

l~' = (4so) '/' (N%)-v' ~. 0 + ~/~ ~) 0 + ~/~ ~) 
0 

The d is tance  to m* includes the initial  s tage  of wake development  in which turbulent  diffusion can be 
cons idered  the predominant  effect .  The  diminution of the ve r t i ca l  wake dimension obtained and the subse -  
quent p ic ture  of i ts  development  r equ i r e  fu r the r  analys is .  The solution obtained p e r m i t s  e s t ab l i shment  of 
a s imi l a r i t y  c r i t e r ion  cha rac t e r i z ing  the length of the initial  s tage  of wake development  p r io r  to col lapse  

N%x* / d = coast or A L~0 U.__~0 z*__N_N..~ coast 
d Eo*/~ Uo 

With r e s p e c t  to the f a c t o r s  L J d  and U0/E0 tit2, it can be a s sumed  that they depend slightly on the va lue  
of the Reynolds number  and can be a s sumed  constant  with a good enough approximat ion.  The constancy of 
the ra t io  L J d  in j e t s  and wakes is cus tomar i ly  a s sumed  in analyzing these  p rob l ems .  T e s t  data in [6] in- 
d ica tes  the cons tancy of the  quantity UjE0t/2 in s o m e  range  of va lues  of the Reynolds number~ T h e r e f o r e ,  
the s imi l a r i t y  c r i t e r ion  is the propor t iona l i ty  of the quantity x * / U  0, i .e. ,  the t ime  a f te r  p a s s a g e  of the  ob-  
j ec t  p r i o r  to co l lapse  of the wake,  to the per iod of the na tu ra l  osc i l la t ions  of the medium 

T ' = N - I =  g "~z J 

This  deduction c o r r e s p o n d s  to t es t  data  obtained on models  (Fig. 1). The data  a re  he re  m a r k e d  as 
fol lows: 1 ) |  f r o m  [7], 2) �9 f r o m  [9], 3 ) � 9  f r o m  [8]. 

A compar i son  with exper imen ta l  r e su l t s  y ie lds  the value 

z* .-= 2,6 
UoT" 

The re la t ionsh ip  

m a x l '  [T'lV~ r~~176 

is obtained for  the m a x i m u m  value of the ve r t i ca l  sca le  of the wake. 

The coeff ic ient  of wake flattening i n c r e a s e s  with dis tance and can r e a c h  a s ignif icant  magni tude 

0 
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The motion of models  in a s t ra t i f ied  medium was studied in [7, 8]. The tes t  conditions p resen ted  be -  
low were  different ,  and the values  of the ra t io  between the ver t i ca l  dimension of the wake and the model  
d i a m e t e r  tu rned  out to be a lmos t  identical  in these  t es t s .  It is seen f rom the solution obtained that this 
ag reemen t  co r re sponds  to the conditions existing. 

According to [7] and [8] the t es t  data  a re  

Uocm/sec = 45, 60; dcm = 2.2, 15; Idp,Jdzlg.cm -4= 0.0052, 0.000l; 
T'sec = 0,438, 3.t6; [T'Uo/dlV,= 3.0, 3.6 

i .e . ,  the va lues  of l~ z should be sufficiently c lose  together .  

On the bas i s  of a compar i son  with exist ing r e su l t s ,  the deduction can be made that the equations 
uti l ized pe rmi t  obtaining a solution yielding a s a t i s f ac to ry  p ic ture  of wake development  in the initial s tage.  
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